Abstract. In this article, we prove that every compact simple Lie group SO(n) for n ≥ 10 admits at least 2 [
Introduction
A Riemannian manifold (M, ·, · ) is called Einstein if there exists a constant λ such that Ric = λ ·, · , where Ric is the Ricci tensor of the metric ·, · . For a survey of the results on Einstein metrics, we refer to the book [3] and the papers [14, 15] . For the study on Einstein metrics of homogeneous manifolds, see [4, 5, 16] .
There are a lot of important results on Einstein metrics on Lie groups which are a special class of homogeneous manifolds. It is shown in [11] that any Einstein solvmanifold, i.e. a simply connected solvable Lie group admitting a left-invariant metric, is standard. According to a conjecture of Alekseevskii ( [3] ), this exhausts noncompact Lie groups with left-invariant Einstein metrics. Also Einstein metrics on solvable Lie groups are unique to isometry and scaling [10] , which is in sharp contrast to the compact setting.
In [9] , D' Atri and Ziller prove every compact simple Lie group except SO(3) admits at least two left-invariant Einstein metrics which are all naturally reductive. Meanwhile, they pose the question whether there exist non-naturally reductive left-invariant Einstein metrics on compact simple Lie groups. From then on, there are a lot of studies on non-naturally reductive Einstein metrics on compact simple Lie groups. In [12] , Mori obtains non-naturally reductive left-invariant Einstein metrics on SU(n) for n ≥ 6. Then in [1] , the authors prove the existence of left-invariant Einstein metrics on compact Lie groups SO(n) for n ≥ 11, Sp(n) for n ≥ 3, E 6 , E 7 and E 8 . After that, Chen and Liang [7] give one non-naturally reductive left-invariant Einstein metric on F 4 . In [2] , Arvanitoyeorgos, Sakane and Statha obtain left-invariant Einstein metrics on compact Lie groups SO(n) for n ≥ 7, which are not naturally reductive. Recently, Chrysikos and Sakane find new non-naturally reductive Einstein metrics on exceptional Lie groups in [8] , especially they give the first non-naturally reductive Einstein metric on G 2 .
That is to say, every compact simple Lie group except some small groups admits non-naturally reductive left-invariant Einstein metrics. But how many non-naturally reductive left-invariant Einstein metrics does every compact simple Lie group possibly admit? It is natural to discuss the lower bound of the number of non-naturally reductive left-invariant Einstein metrics on compact simple Lie groups, especially classical Lie groups.
Yan and Deng prove an interesting result in [17] : for any integer n = p
s with p i prime and p i = p j , (1) SO(2n) admits at least (l 1 +1)(l 2 +1) · · · (l s +1)−3 non-equivalent non-naturally reductive Einstein metrics, (2) and Sp(2n) admits at least (l 1 + 1)(l 2 + 1) · · · (l s + 1) − 1 non-equivalent non-naturally reductive Einstein metrics.
That is, they give lower bounds of the number for SO(2n) and Sp(2n), which depend on the integer n. But we point out that the above results hold only when n is not a prime. A much better estimate for Sp(n) is given in [6] that every Sp(n) admits at least 2[ In this article, we obtain the following lower bound of the number of non-naturally reductive left-invariant Einstein metrics on SO(n). The paper is organized as follows. In section 2, we recall the study on non-naturally reductive left-invariant metrics on SO(n) in [2] , in particular the Ricci tensor of a class of left-invariant metrics ·, · on SO(n), and sufficient and necessary conditions for ·, · to be naturally reductive. Furthermore, they prove that SO(n) admits non-naturally reductive Einstein metrics which are Ad(SO(n − 6) × SO(3) × SO(3))-invariant. In section 3, based on the Ricci tensor formulae in [2] and the technique of Gröbner basis, we prove that SO(2k + l) admits at least two non-naturally reductive Einstein metrics which are Ad(SO(k) × SO(k) × SO(l))-invariant when l > k ≥ 3. It implies Theorem 1.1.
2.
The study on SO(n) in [2] Let G be a compact semisimple Lie group and let K be a connected closed subgroup of G with Lie algebras g and k. Since the Killing form B of g is negative definite, −B is an Ad(G)-invariant inner product on g. Let g = k ⊕ m be the reductive decomposition of g such that [k, m] ⊂ m.
Then m can be identified with the tangent space of G/K at the origin. Assume that m admits a decomposition into mutually non-equivalent irreducible Ad(K)-modules:
Then any G-invariant metric on G/K has the following form
where
Note that G-invariant symmetric covariant 2-tensors on G/K are of the same form as Riemannian metrics. In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same form as (2.2), that is,
,β e k γ , and define
where the sum is taken over all indices α, β, γ with e i α ∈ m i , e j β ∈ m j , e k γ ∈ m k . Then (ijk) is independent of the choice for the −B-orthonormal basis of m i , m j , m k , and (ijk) = (jik) = (jki).
Then we have the following result.
Lemma 2.1 ([13]
). The components r 1 , · · · , r p+q of the Ricci tensor r associated to ·, · of the
Here, the sums are taken over all i = 1, · · · , p + q.
where the embedding of K in G is diagonal, and we have the fibration
Denote the tangent space of SO(
respectively. Then we have
By setting m 1 = so(k 1 ), m 2 = so(k 2 ) and m 3 = so(k 3 ), we have the following decomposition:
where m 12 , m 13 and m 23 are irreducible submodules of m. Note that there is a diffeomorphism
Consider left-invariant metrics on G which are determined by Ad(K)-invariant inner products
By Lemma 2.1, we have the following formulae of the Ricci tensor.
Lemma 2.2 ([2]). The components of the Ricci tensor r of left-invariant metrics on G defined
by ·, · of the form (2.4) are given as follows:
5) Based on the criterion for a left-invariant metric on a Lie group to be naturally reductive given in [9] , we have the following lemma. 3. The proof of Theorem 1.1
In [2] , the authors prove that, for any n ≥ 9, the Lie group SO(n) admits at least one leftinvariant Einstein metric determined by the Ad(SO(n − 6) × SO(3) × SO(3))-invariant inner product of the form (2.4), which is non-naturally reductive. In this section, we first prove the following theorem.
Theorem 3.1. For any l > k ≥ 3, SO(2k + l) admits at least two left-invariant Einstein metrics determined by Ad(SO(k) × SO(k) × SO(l))-invariant inner products of the form (2.4), which are non-naturally reductive.
We will prove Theorem 3.1 by solving homogeneous Einstein equations r 1 = r 2 , r 2 = r 3 , r 3 = r 12 , r 12 = r 13 , r 13 = r 23 under the assumption k = k 1 = k 2 and l = k 3 . Furthermore, we consider the metric (2.4) with x 1 = x 2 . Then we have x 13 = x 23 . Standard the metric with x 13 = x 23 = 1. Therefore homogeneous Einstein equations are equivalent to the following system of equations:
In particular,
If x 2 = x 12 , by Proposition 2.4, the left-invariant metric is naturally reductive. Assume that
Then we have
Substitute it into equations f 1 = 0 and f 3 = 0, we have the following equations: 
Consider the ideal I generated by {g 1 , g 2 , zx 3 x 12 −1} and the polynomial ring R with coefficients in Q, and take a lexicographic order > with z > x 3 > x 12 for a monomial ordering on R. By the computer software, we get two polynomials containing in the Gröbner basis for the ideal I. 
By h(x 12 , x 3 ) = 0, x 3 can be expressed by a polynomial of x 12 of degree 7 with coefficients in Q for k ≥ 3 and l ≥ 2. It means if x 12 = s ∈ R is a solution of h(x 12 ) = 0, then there exists
For l > k ≥ 2, we have h(0) > 0 and h(1) < 0. as a result, h(x 12 ) = 0 has at least two solutions, one of which is between 0 and 1 and the other is more than 1. As is shown above, there exists x 3 ∈ R with respect to each solution of h(x 12 ) = 0.
The following is to check when x 3 ∈ R + . For this, take a lexicographic order > with z > x 12 > x 3 for a monomial ordering on R. Similarly, we have the following polynomial containing in the Gröbner basis for the ideal I: It is not hard to verify that the coefficients of polynomial p(x 3 ) is positive for even degree and negative for odd degree whenever l > k ≥ 3. That is, all the solution of x 3 for homogeneous Einstein equations are positive (if exist) whenever l > k ≥ 3.
In summary, for l > k ≥ 3, we get two solutions of the form 
